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GMSH: the meshing software

2/19



A practical problem: defor

ai

ming of high order boundary layers without folds




A practical problem: deforming of high order boundary layers without folds

Requirements
@ Exact boundary
@ Elements should not be inverted

© Elements should be as close as
possible to their target shape
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Warm-up:
Untangling and deformation of first order
triangles



The P1 triangle

X0

X2

X1

X(A0, A1, A2) = Aoxo + Aix1 + Aoxo

with g + A1 +X =1, X\ >0

J = det J is a constant value over the element
(degree 0 polynomial):

ox  0Ox ox  0Ox
J(Ao, A1, A2) = <5_)\1 - 8_)\0) X <3_)\2 - 3_)\0

)

The element is not inverted & J > 0
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Untangling energy for triangles

Foldover-free maps in 50 lines of code

VLADIMIR GARANZHA, IGOR KAPORIN, and LIUDMILA KUDRYAVTSEVA, Dorodnicyn Computing Center
FRC CSC RAS, Moscow Institute of Physics and Technology, Moscow, Russia
FRANCOIS PROTAIS, NICOLAS RAY, and DMITRY SOKOLQOV, Université de Lorraine, CNRS, Inria, LORIA,

F-54000 Nancy, France

Fig. 1. Our method of constructing injective maps opens a door for a large variety of applications. This figure shows an example of a thick prismatic mesh

layer (shown in green) built around a triangulated surface, a very challenging problem for highly curved objects. Thanks to our method, we are able to compute

such a layer free of folds and self-intersections.

Mapping a triangulated surface to 2D space (or a tetrahedral mesh to 3D
space) is an important problem in geometry processing. In computational
physics, plays an i role in mesh + it takes
amesh as an input, and moves the vertices to get rid of foldovers. In fact,
mesh untangling can be considered as a special case of mapping where the
geomelry of the object is to be defined in the map space and the geometric
domain is not explicit, supposing that each element is regular. In this paper,
we propose a mapping method inspired by the untangling problem and

1 INTRODUCTION

Most geometric objects are represented by a triangulated surface
or a tetrahedral mesh. The mapping problem consists in generating
a 2D or 3D map of these objects. This is a fundamental problem of
computer graphies because it is much easier for many applications
to work in this map space than to directly manipulate the object
itself. To give few examples, texture mapping stores colors of a



Untangling energy for triangles

min Y f(J}) +ag(;) }
teT
Where:
f(J) = t(;ifﬁ J g(J) = det J + @




Untangling energy for triangles

min lim 3™ £.(J) + age() }

teT
Where:
o wr(JTT) _ det(J)*+1
) = e | )= @et(2), 9
T+ Ve + a2
X, €) = —————
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The second order case



The P2 Triangle

X2

X4

X1
X0

X()\O, AL, A2) = )\% X0 + )\% X1 + )\% X9

aF 2)\0)\1X3 T 2)\1)\2X4 T+ 2)\2)\0X5

with \g+ X1 +Xa=1, \; >0

ox o0x Ix
J(Ao, A1, A2) = det J = (6_>\1 - 3_)\0) ) (

is now a polynomial of degree 2 (non-constant!)

ox  ox
0o O
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The P2 Triangle

X2

X()\(), AL, A2) = )\% X0 + )\% X1 + )\% X9

aF 2)\0)\1X3 T 2)\1)\2X4 T+ 2)\2)\0X5

X4 with A\g A1 +FX=1, X\, >0

X1
X0

ox  0Ox ox  0x
J()\O,)\l,)\Q) =detJ = (a—)\l — 8_A0) X (a—>\2 — 8_)\0>
is now a polynomial of degree 2 (non-constant!)
How to enforce J(z) > 0 for all 27
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Validity of the Bezier polygon is not necessary nor sufficient

A valid P2 element where the central
triangle is inverted

An invalid P2 element where all four
triangles are valid




X0

X2

X4

X1

0
>0,
Ao3s
) _ JO _ 8A143 > 07
J(l’O’O) == 8A254 > 0.
3(0, 1,(1)) =h=

0,
3(0,

2
MJI 4+ 22T, .
o 1—1— 2M A2 J4
o) = .
/\17 hain
J(No, -

77J Xi)”
where J; =7J(

9/19



X0

X2

X4

X1

J(l,0,0) =Jo = 84035 > 0,
J(O,l,O) =J1:8A143>0,
J(O, 0, 1) =Jy = 8A954 > 0.

J(No, A, A2) = A2To + X2 T, + A2 T,
+ 2X0A1 I3 + 2 1 A0 Jy 4+ 22000 J5

where J; = 7J(x;)”

Sufficient condition for validity
J(x) > 0 for all z if all the J; are positive
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Expansion in the Lagrange basis

X2

J(l,0,0) :J0:8A035>0,
J(O,l,O) :J1:8A143>0,

X4 J(0,0,l) =Jy = 84954 > 0.
J3 2'](%’%70) %(J0+J1)’
Jy =2J3(0,3,3) — 5(J1 + J2),
. J5 =23(3,0,5) — 3(Jo + ), )
X0
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Expansion in the Lagrange basis

X2

X4

X1
X0

Sufficient conditions for J > 0 are therefore:

Jo = Ap3s > 0,
J1 = Az >0,
Jo = Aosy >0,

J3 = Ag3s + A153 + Ag1z > 0,
Js= Ay + Agzs + A124 > 0,
J5 = Aos3 + Agas + Azp5 > 0.
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Optimization: add linear combinations

Minimize:

fe(JO) + fE(J].) + fe(JZ)
+ta (QE(JO) + ge(Jl) + ge(']Q))
ta (95(J3) + ge(J4) + ge(JS))

summed over all elements of the mesh.

areas to the untangling energy

Jo = Aoss
Ji = Aws
Jo = Aoy

J3 = Aozs + A153 + Ao13
Jy = A1gs + Aggg + Ajog
J5 = Aos3 + Aoas + A2os

9(J) = —7—

I+
x(J,¢€) }
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Generalizing to higher orders



The P3 Triangle

. x2 x(Xo, M, A2) = Adxg + 3A3A\1x3 + 3AoATxs+
7
X6 )\?Xl i 3)\%)\2X5 + 3)\1)\%X6+
A3xo + 3A2Nox7 + 3AaAdxg+
6)\0)\1)\2X9.
X5 4
X8
ox ox ox  Ox
T A )= — — — = =
(R0, A, A2) (8)\1 8>\0) . <0A2 BAO)
X
Xo X4 is now a polynomial of degree 4
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The P3 Triangle

Jo = 18 Aoss
J1 = 18 A415
J2 = 18Are
2 J3 = 9(Aozo+ Asas + Aoas)
X7 Js = 9(Aao+ Asas + Aras)
X6 5
Jg = 9 (A159 + Asea + A165)
Js = 9 (A629 + Aser + A265)
X5 Jy = 9 (A279 + A7ss + A287)
J = 9 (Asoo + A7ss + Aosr)
X8 11 ) )
Ji = 3(4As10 + Aoss + Aars + Aoas + Ao1a
J7 = 3(4Ase0 + A157 + As2a + Ases + A126)
Jio = 3(4Arso + Azrs + Asos + Azs7 + Asos)
Xl J = 3(2Aars — 2 Agrs + 2As08 + Aoss + Aoss — Aoss)
12 =
0 X4 Jis = 3(2Ae34 —2Asza + 2 Asos + Arsg + Ar7a — j154;
Aoar —
Ju = 3 (2 Asgse — 2 Avse + 2 Args + Aars + Aase 276
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Generalizing to volume meshes



The P2 tetrahedron

X()\Oa )‘17 >\27 )‘3) = Ag X0 + )‘% X1 + )‘% X2 + >‘§X3

X2
+ 2 0A1x4 + 221 Aox5 + 2A2A\0X6
o + 200A3X7 + 2X2A3Xs + 2A1 A3Xo
X6
with \g+ X1 +Xa+X3=1, X\; >0 )
X0 X1
J (N0, A1, A2, A3) =
X7 X9
det 8X_8X 6x_8x 8x_8_x
v, N 0N e Oh Dhs O

is a polynomial of degree 3 in \g, A1, Ao, A3
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The P2 tetrahedron

X2
X5 Jo = 48 Viuer

X6 Js = 16 (Vouss + Vous7 + Vorer — Vouser)

Jie = 8 (Vouss — Vouse + Voazo — Voueo

X0 - +Voas7 — Voaes + Voi27 — Voazr

+Voies — Voier + Voseo + Vaser)

X7 X9
X3 and 17 other coefficients... (20 total)

13/19




The general case

@ Get an expression of the Jacobian J (polynomial of degree d(n — 1))
@ Express the coefficients of J in the Lagrange basis as sums of triangle areas

© Minimize the untangling energy (take P1 element as the reference element)
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The general case

@ Get an expression of the Jacobian J (polynomial of degree d(n — 1))
@ Express the coefficients of J in the Lagrange basis as sums of triangle areas

© Minimize the untangling energy (take P1 element as the reference element)

The number of areas to evaluate for order n grows as O(n?)

P2 triangle P3 triangle P4 triangle
6 equations 15 equations 28 equations
12 simplexes 54 simplexes 154 simplexes

etc.
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Results



Results: Ellipse




Initialization trick for boundary layers

Flipped boundary element initialization Shifted boundary layer initialization
(slow) (faster)




Results: Fan Blade




Results: Three Components Wing
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Results: Three Components Wing



Stress test for tetrahedral mesh

Tangled initial sphere Untangled sphere
(random point positions)




Questions?



